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'^his  is  a  preliminary  report  on  studies  which  have  been  undertaken 
dealing  with  various  effects  of  cosmic  rays  on  matter^  In  particular, 
this  report  will  be  concerned  with  the  development  of  nucleon  cascades 
especially  the  similarities  and  differences  in  their  development  in 
various  materials.  The  report’s  motivation  is  further  described  in 
the  conclusion. 

Introduction 

Many  properties  of  cosmic  rays  are  now  fairly  well  established. 

For  example,  it  is  known  that  particles  of  energies  from  about  a  hundred 

Mev  to  about  10^*^  Gev  are  present  in  the  flux  with  an  energy  distribution 

which  has  been  roughly  determined.^  It  is  known  that  protons  are  the 

primary  constituent  (;aQ7>?),  alpha  particles  being  about  13$  of  the 

incoming  beam  with  minor  contributions  from  heavier  nuclei  making  up 
2 

the  remainder.  It  is  also  approximately  valid  that  the  cosmic  ray 
flux  varies  little  as  a  function  of  time  and  is  nearly  Isotropically 
distributed  in  space. 

A  study  of  the  effects  of  cosmic  rays  on  matter,  then,  must  concern 
itself  with  an  extremely  large  energy  range  if  completeness  is  to  be 
obtained.  Certainly  an  exact  treatment  valid  over  such  a  range  would  be 
very  difficult  to  find  and  will  undoubtedly  never  be  accomplished.  It 
would  seem  far  better  to  treat  the  problem  by  dealing  with  various  energy 
ranges  individually  using,  in  those  ranges,  appropriate  approximations. 

At  least  three  energy  ranges  come  Immediately  to  mind  differentiated  by 
characteristically  different  processes.  We  shall  call  these  regions  : 
the  low  energy  range  (E^IO  Gev),  medium  (1  Gev «  £<100  Gev)  and  high 
energy  (E»"100  Gev). 

*  Of  course,  these  energy  divisions  are  only  approximate  and  are 
only  meant  to  indicate  general  areas  of  division. 


In  the  low  energy  range,  the  processes  are  primarily  those  well  known 
from  previous  nuclear  studies.  Thus,  the  primary  mode  of  energy  loss  is 
by  ionization,  losses  by  nuclear  interactions  becoming  less  loqportant  as 
the  energy  decreases.  The  production  of  mesons,  although  energetically 
allowed  for  energies  greater  than  290  Mev,  plays  a  minor  role  because  of 
a  still  small  cross  section  at  these  energies. 

In  the  medium  energy  range,  however,  one  finds  a  new  phenomena  coming 
into  importance,  the  production  of  nucleon  cascades.  Consider  a  proton  of 
about  10  Gev  energy  which  impinges  upon  matter.  For  these  energies,  loss 
of  energy  by  ionization  is  usually  negligible  so  that  the  proton  will  pass 
through  the  material  until  it  makes  a  direct  collision  with  some  nucleus. 
Since  the  DeBroglle  wavelength  of  protons  at  this  energy  is  small  compared 
to  the  size  of  the  nucleons,  the  proton  can  be  considered  to  Interact  with 
a  single  nucleon  in  the  nucleus.  In  general,  both  the  Incident  proton  and 
the  recoiling  nucleon  will  leave  the  collision  with  a  large  amount  of 
energy  conpared  to  a  nucleon* s  binding  energy.  Thus,  not  only  is  the 
incident  proton  free  to  leave  the  nucleus,  but  so  may  the  stxnick  nucleon. 
However,  Instead  of  leaving  the  nucleus  Inanedlately  there  is  a  large 
probability  that  these  nucleons  will  each  collide  with  other  nucleons 
because  the  mean  free  path  of  nucleons  in  nuclear  matter  is  small  at 
these  energies.  Thus,  it  is  possible  for  nucleon  cascade  to  begin;  one 
nucleon  incident  on  the  nucleus:  with  several  leaving  it.  This  phenomena 
is  not  possible  at  lower  energies  because  the  amount  of  energy  transferred 
in  a  collision  would  not  be  enough  to  sustain  a  cascade. 

Another  very  Inportant  effect  manifests  Itself  in  the  medium  energy 
range,  the  production  of  mesons.  Although  energetically  possible  at 
lower  energies,  it  is  not  until  these  medium  energies  are  reached  that 
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mesons  are  produced  in  appreciable  numbers#  Thus,  one  must  now  also  consider 
the  possible  production  of  mesons  and  their  interaction  vdth  matter.  This 
Is  a  great  conpllcation  not  only  because  of  the  new  degrees  of  freedom 
introduced,  but  also  because  many  of  the  necessary  facts  are  either  unknown 
or  known  only  poorly. 

Because  of  the  presence  of  rr^  mesons  which  are  now  produced  in  this 
energy  range,  one  can  also  find  large  electron-photon  showers.  (Extensive 
air  showers,  EAS,  is  the  name  commonly  reserved  for  these  showers  when 
observed  in  the  atmosphere.)  These  showers  have  been  studied  extensively, 
but  no  entirely  successful  treatment  has  been  given  which  considers  their 
development  in  connection  with  the  parent  nucleon  cascade.  There  is  no 
question  that  these  showers  are  an  important  consideration  when  dealing 
with  the  effects  of  cosmic  rays  on  matter. 

In  the  high  energy  range  all  the  above  phenomena  take  place  but  in 
addition  K  mesons  and  hyperons  are  produced  with  more  frequency.  The 
electron-photon  showers  become  much  larger  and,  most  inqportant  from  cur 
viewpoint  here,  the  nature  of  the  nucleon  cascade  changes  somstdiat. 

In  the  medlxim  energy  nucleon-nucleon  collision,  the  recoiling 
particles  separate  at  such  an  angle  in  the  laboratory  system  that  when 
the  secondary  collisions  are  made,  the  original  two  nucleons  are  well 
separated  and  the  secondary  collisions  can  be  considered  as  independent 
of  each  other.  This  is  not  so  at  high  energies.  In  this  case,  the 
center  of  mass  velocity  is  quite  Icurge  so  that  when  the  problem  is 
transformed  back  to  laboratory  coordinates  all  CM  angles  become  colli¬ 
mated  into  very  nearly  the  forward  direction.  Thus,  after  the  first 
collision  the  recoil  nucleons  do  not  separate  appreciably  so  that  their 
fiurther  collisions  cannot  be  considered  separately.  Thus,  a  somsidiat 
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different  description  of  the  cascade  in  this  region  should  be  employed  . 

The  remainder  of  this  report  will  concern  Itself  with  the  description 
of  a  preliminary  attach  on  the  problems  encountered  In  the  medium  energy 
range. 

Homogeneous  Nuclear  Matter 

As  a  beginning  towards  consideration  df  the  medium  energy  problem 
this  report  will  concern  itself  with  a  determination  of  the  average  niunber 
of  cascade  nucleons  to  be  expected  as  a  function  of  the  depth  below  the 
material  surface  when  a  proton  of  appropriate  energy  strikes  the  material. 

In  this  respect,  we  shall  not  consider  the  effect  of  mesons  upon  the 
nucleon  cascade  except  Insofar  as  one  allows  nucleon>nucleon  collisions 
to  be  Inelastic.  Thus,  it  will  be  assumed  that  In  a  collision  some  energy 
is  radiated  as  mesons,  but  those  mesons  will  be  considered  no  faHher. 

No  distinction  will  be  made  between  neutrons  and  protons  in  the  following 
so  that  tdien  one  speaks  of  a  cross-section  for  nucleon-nucleon  interaction 
what  is  actually  meant  is  the  interaction  averaged  over  spin  and  isobaric 
spin. 

Let  us  consider  at  first  a  semi-infinite  slab  of  homogeneous  nuclear 

matter  and  calculate  the  average  number  of  nucleons  with  energy  SE,  N('s  fX), 

*0 

present  at  a  depth  x  below  the  siurface  due  to  the  interactions  of  a  single 
nucleon  of  energy  incident  on  the  surface.  We  shall  derive  a  diffusion- 
like  equation  for  N. 

Let  w(E^ dEME^dx  be  the  probability  that  a  nucleon  of  energy 

£  suffers  a  collision  with  a  second  nucleon  in  dx  with  the  result  that 
0 

*  The  **tunnel”  model  proposed  by  McCusker  and  Roessler^  and  modified 
by  Cocconl^  would  seem  to  be  appropriate  althou^^  somewhat  crude. 
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the  scattered  nucleons  have  energies  In  the  ranges  £'  to  £'  d£*  and 

E"  to  E"  +  dE".  We  shall  assume  that  the  collision  may  be  Inelastic  so 
that  E*  E"  need  not  equal  E^  but  nay  be  less  (the  excess  energy  being 
radiated  as  mesons). 

The  functional  form  of  w  is  almost  completely  unknovm  so  that  it  has 
been  customary  to  assume  some  reasonable  dependence  in  order  to  sisq^fy 

5 

calctilations.  Thus,  we  shall  assiuse 


1) 


w(E^;E*,E?*)  dE*dE»» 


,E‘  E"v  ^ 

*1  E  E  » 
O  0  o  o 


d  form  which  seems  reasonable  vdien  one  considers  the  analogy  between  this 
process  and  that  of  bremsstrahlung  radiation,  the  latter  having  a  cross- 
section  of  this  form.  The  theozy  can  be  carried  through  using  only  equation 

1) ,  however,  in  order  to  obtain  numerical  results  one  must  be  more  specific. 
This  will  be  considered  later. 

Conservation  of  energy  restricts  the  values  of  E*  and  E”  such  that 

E*  E** 

E*  +  E”  2  E  .  If  one  defines  e*  -  ■=  and  e”  ■  ■=  one  can  put 

0  o 

2)  w(e»,e")  -  0  I  e*  +  e"  »1 


The  total  collision  probability  per  unit  path  length,  a,  is  given  by 
1  1-e* 

3)  J  I  de»  de"  -  a 


The  differential  equation  for  the  developswnt  of  the  nucleon  cascade 
can  be  obtained  by  considering  Figure  1.  The  number  of  nuclems  of  energy 


*  This  treatment  is  entirely  one  dimensional  neglecting  any  direction 
changes  In  the  scattering  process.  At  these  energies  where  most  of 
the  laboratory  scattering  is  in  the  forward  direction,  this  assunptlon 
may  not  be  too  poor. 
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^  E  which  appear  at  a  depth  x  below  the  incidence  of  a  particle  of  energy 


The  number  present  at  a  depth  x  dx  can  be  found  by  first  considering  the 

contribution  from  those  particles  entering  the  material  at  a  depth  dx  from 

top  surface.  Each  particle  of  energy  present  at  depth  dx  will  give  a 

contribution  at  depth  x  +  dx  equal  to  N(^  ,x).  Since  there  Is  one  Incident 

o 

particle I  one  may  consider  (1  -  adx)  to  be  the  number  of  particles  to  reach 

the  depth  dx  with  the  primary  energy  E^.  Thus,  the  total  nuid>er  of  particles 

reaching  depth  x  dx  due  to  particles  whose  first  collisions  were  at  depths 

E 

greater  than  dx  Is  (1  >  odx)  N(-=  ,x).  One  must  still  add  in. the  contribution 

o 

due  to  particles  which  Interacted  In  dx  giving  rise  to  secondaries  of  energy 
E*  and  E”  which  themselves  may  cascade  to  contribute  at  x  cba 

The  probability  that  a  collision  takes  place  in  the  distance  dx  giving 
rise  to  secondaries  of  energies  E*  and  E"  In  the  ranges  dE*  and  d£”  res- 


. .  ,  ,  /E*  E"x  dE*dE"  . 

pectively  is  w(^  »e  ^  1”  E” 

0  0  0  0 

The  peurticle  of  energy  E*  may  now  be  considered  as  a  primary  which  will 
produce  at  a  depth  x  below  its  point  of  production  N(i|,,x)  nucleons  of 
energy  greater  than  E.  The  average  nuoiber  of  nucleons  (of  energy  -E) 
than,  at  X  dx  due  to  the  cascade  of  the  particle  of  energy  E*  will  be 


I 


x)  dx 

"'E**  '  'E  '  E  E  “ 
-0  0  0  0  0 


I 
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I 


with  a  similar  expression  for  the  contribution  of  E".  Summing  the  two  and 
integrating  over  all  possible  values  of  E*  and  E"  one  finds  (making  use  of  2) 


00  00 

4)  N(|  ,x  +  dx)  -  (1  -  adx)  N(|  ,x)  +  r  f  [N(|t,x)  +  N(|,„x)] 

O  0  •h  Jo  * 

E  *1  '  E  E  ^ 

0  0  0  0 

This  equation  can  be  written  by  rearranging,  dividing  by  dx,  and  sub¬ 
stituting  e*  for  E*/E^  etc. 

00  00 

5)  ~  (e.x)  +  a  N(e,x)  -  J  N(f„x)  +  N(f„,x)  w(e»,e")  de»  de"  . 


The  solution  of  eqxiatlon  5)  will  then  give,  for  homogeneous  nuclear 
matter,  the  average  niunber  of  nucleons  with  energy  greater  than  E  ■  e 
at  a  depth  x  below  a  svirface  due  to  the  incidence  of  a  nucleon  of  energy 
Eq.  Then  defining 


w(e) 


1-e 

I  ^w(e,e")  +w(e",e)J  de"  where  w(e)  -0,  e  »•  1 


one  has 


6)  *  a  N(t.x) 


00 

I 


N(ft»x)  w(e»)de» 


This  equation  may  be  solved  by  the  use  of  Mellin  transforms.  Defining 

the  transform  pairs 
00 

M(s,x)  -  f  e®"^  N(e,x)  de 
*0 

Sq+Ico 

.  0 

-i  00  0* 

o 

and  applying  these  to  6)  one  finds 


N(e 


9 


7) 


+  a  M(s,x)  -  M(s,x)  w(s) 
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00 


w(e)de 


where 

8)  w(8)  •  J  e® 

Equation  7)  is  easily  solved  to  give 

9)  M(8,x)  -  M(8,0)  e"[®"''^®^]* 

00 

but  M(s,0)  -  J  e®“^  N(e,0)de  -  l/s  because  N(e,0)  -  1 

for  e<l  and  is  zero  otherwise.  Substituting  into  9)  and  taking  the 

inverse  transform  we  find  our  answer. 

-s  ^-[a-w(s)]: 

8 

.  00 


10)  N(£,x) 


Li 


So+ioo 


ds  ,  8  0 

*  o 


An  exact  analytic  evaluation  of  this  integral  does  not  seem  feasible 
so  that  one  must  either  resort  to  machine  calculations  or  else  use  some 
approximate  method.  The  integral  may  readily  be  evaluated  using  the 
method  of  steepest  descent.  We  write  equation  10) 

f(8)  . 
s  '  '  ds 


So+i  00 

11) 

N(e,x) 

I 

'Vq-Ioo 

with 

f(8)  - 

-  ^  [a-w(8)]  X 

The  evaluation  of  the  integral  then  gives 
12) 


N(e,x)  e*'“o 


where  the  saddle  point,  ^"(Sq)  is  given  Iqr  ^*(8^)  ■  0.  The  acctiracy  of 
the  saddle  point  method  in  this  case  has  been  oested  by  coii9>aring  the 

7 

resvilts  with  exact  machine  calculations  .  The  results  indicate  an 
acciiracy  of  about  which  should  be  quite  satisfactory  for  our  purposes. 


I 
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In  order  to  actually  obtain  numerical  results  It  Is  necessary  to  state 
more  definitely  the  form  of  the  Interaction  cross  section  of  equation  1). 
Since  the  data  are  very  scarce  we  can  only  postulate  a  form  not  in  variance 

g 

with  the  data#  This  has  been  done  by  Messel  and  we  shall  merely  give 
his  result. 

13)  w(e*,e")  -  ^  e*e"(l-e»  -e”)  for  e»  +  t»Zl  . 

1/a  Is  the  mean  free  path  In  nuclear  matter  which  we  assume  to  be  of  the 

-15 

order  of  the  nucleon  Compton  wavelength,  l/ac£l.4  x  10  ^  cm.  With  this, 
one  can  evaluate  equation  12.  This  has  been  done  and  the  results  are 
presented  in  Figure  2  for  several  values  of  e. 

Knowing  the  results  for  nuclear  matter,  one  can  than  calculate  results 
for  given  nuclei.  Assume  a  nucleus  of  spherical  shape  and  diameter  d^  and 
calculate  the  probability  of  hitting  the  nucleus  at  a  distance  r  of  closest 
approach  from  the  center.  This  is  a  geometrical  factor  which  may  easily 
be  obtained  by  considering  Figure  3.  This  probability  is  given  by 


Figure  3 


Figure  2 

The  average  nujnber  of  nucleons  N(e,x)  with  energies  greater  than  eE^  produced 
at  a  depth  x  in  homogeneous  nuclear  matter  by  an  accident  nucleon  of  energy 


h 
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If  the  particle  strikes  with  tha^impatpt  parameter  r,  the  path  length 
through  the  nucleus  will  be  -  r^.  The  probability  of  obtaining 

a  given  path  length  when  striking  a  nucleus  of  diameter  Is  then 

given  by 

14)  P(l)  d^  -  4  ^  • 

One  could  then  compute  the  average  ntimber  of  nucleons,  s(e}  with 
energies  greater  than  E  «  which  exit  from  a  nucleus  of  diameter  d^, 
produced  by  an  incident  nucleon  of  energy  by  averaging  the  results 
over  the  possible  path  lengths  of  homogeneous  nuclear  matter  in  the  nucleus. 


15) 


f 


S(e)  !  N(e,x)  P(x)  dx 
•b 


which  upon  using  equations  10  and  13)  and  interchanging  orders  of 
Integration  becomes 


16) 


S(e) 


Sq+I  00 

2_  r  ^1.  f 

2rri  .2  J  8  o®  J 

io-i  oo  E  -4 


xdx 


after  defining  a(s)  -  a  -w(8). 

Upon  performing  the  integration  one  has  the  final  expression 
Sq+I  00 


17)  3(e)  -  5^ 


Sq-I  00 


ds 

s 


1  - 


-  ,  1  -cl.a(8) 

,1  +  d^a(s)j  e 

,2 


;d^  a(S); 

which  may  also  be  evaluated  by  the  method  of  steepest  descents.  The  results 
of  equation  17)  by  themselves  are  not  of  great  usefulness  except  for  use  as 
a  stepping  stone  for  calculations  involving  discrete  matter.  Thus,  the 
problem  now  becomes  a  cascade  vdierein  the  cross  section  for  the  production  of 
nucleons  is  not  related  to  the  nucleon-nucleon  collision  probability  given  in 
equation  1)  but  to  equation  17). 
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Discrete  Matter 

The  problem  of  real  physical  in^rtance  is  that  of  the  propagation  of 
the  nucleon  cascade  in  discrete  matter.  One  wishes  to  obtain  an  expression 
for  the  number  of  nucleons  T(e,8)  of  energy  greater  than  eE^  present  at  a 
depth  6  below  a  surface  upon  idiich  is  incident  a  nucleon  of  energy  E^.  The 
previous  considerations  have  indicated  an  approach  to  the  problem*  Thus, 
the  only  change  which  is  necessitated  is  to  replace  the  properties  of  a 
nucleon-nucleon  collision  with  the  properties  of  a  nucleon-nucleus  collision. 


Let  L  be  the  mean  free  path  of  a  nucleon  in  discrete  matter  and  w  (e. ,e^...e  ) 

n  1  i  n 

dEj^  de2,**.dE^  dQ  the  probability  that  a  nucleon  of  energy  Eo  collides  with 
a  nucleus  in  dd  such  that  n  nucleons  are  produced  having  energies  in  the  range 


e.E  to  (e-  +  dE, )e  ,...e  e  to  (e  dE  )E  ,  respectively.  Then  the  diffusion 
lo  1  lo  no  n  no 

equation  derived  in  a  manner  very  similar  to  that  used  to  find  equation  5  becomes 


l-E  l-.E,-*».-E, 


dT(6,9)  ^  1  ^  ^  w^(Ej^,E2, 


•  •  •ejj)T(-^,0)dEj^dE2*  •  ‘dE^ 


where  complete  symmetry  of  w^  with  respect  to  all  of  its  variables  has  been 
assumed. 

One  can  now  define 

l-E  1-e- •••£_! 

T— 1  ^  .  n  X 

19)  w(e)  -  Z.  n  j  ;  w  (E,E2,*»*e JdE  •••de  e  -  1  , 

n  i  Jo  "  ^  " 


-  0 


E  r:  1  . 


Inserting  19)  into  18)  one  has 


i  ('.»)  +  r  «'») 


T(|^,0)  w(e^)  dE^  . 
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Eciiiatlon  20)  has  exactly  the  same  form  as  does  equation  6)»  therefore,  its 
solution  can  lirmedlately  be  written  down  from  equation  10) • 


21) 

where 

22) 


T(e 


"  2^  / 


Sq+1od 


ds 


,  4-u((sti)]  e 


So-lOO 


00 


W(o  +  1)  -  r  e"  w(e)de 

6 


The  solution  for  discrete  matter,  equation  21),  can  be  related  to  equation  17)* 
S(e)  is  the  average  nuniber  of  particles  with  energies  which  exit  a 

nucleus  struck  by  a  nucleon  of  energy  This  number  can  be  calculated  by 
considering  w^.  The  average  number  of  particles  produced  by  a  collision  in 
dO  whose  energies  are  is  given  by 

1  i-v**Vi 


6  'O 


w  ( 6.  )de*  •••de  dO 

n  1,  <c'  n  1  n 


where  the  symmetry  of  w^  has  again  been  used.  The  quantity  S(e)  can  now  be 
found  by 

ave.  num.  particles  of  energy  *  E  _  ave .  num.  particles  of  energy  =»  E  produced 
per  collision  per  unit  length 


average  distance 
per  collision 


23)  S(6)  ■  L 


^  ?■  . 'n-l 

^  "i  i  i  VV— ‘n>*l— 


The  Mellln  Transform  of  S(e)  is 


00  00  1 
2U)  S(s)  -  J  e®"'^S(e)de  -  L  de|  (  w^(e^, ...e^)de^.. .de^ 
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which  way  be  Integrated  by  parte  to  give 

25)  S(b)  -  L  2  n  J  T  J  ^  ‘ 

Comparing  25)  with  22)  and  19)  we  eee 


26) 


bS(8)  -  LW(8  +  1) 


so  that  the  solution  equation  21)  can  be  expressed  now  In  terms  of  the 
average  numbers  of  particles  which  leave  a  nuclear  collision*  Then  by 


combining  1?)*  26)  and  21),  we  find 
27)  T(e, 


Sq+I  00 


.  0)  -  A.  f 

^  4-100  •  o’ 


-l.[d,a(S)] 


where 


28) 


h(x) 


1  2  1-(1  +  x)e' 

'2 


d  . 


At  these  energies  the  mean  free  path  may  be  calculated  using  the 
geometrical  crose  section 

.1/3 


29) 


K  pTTT 
O*^  O 


where  A  is  the  atomic  weight,  p  the  density,  Avogadro's  number  and 


^o  A 


30) 


^/^  the  radius  of  the  nucleus.  Thus 

, ,  1  100  A^^^  where  p  is  in  g/._3  and 

L^o®.)  -T^rr  “2- 

*^o  ^  **0  ^  fennis  (lO'^^cm.). 


The  integral  in  27)  can  then  be  evaluated,  as  before,  using  the  method  of 
steepest  descents  and  the  results  are  presented  in  Figures  4«  5  and  6  for 
several  values  of  e(10”^,  10  10  ^)  and  of  A(235f  55»8,  27).  For  all 
curves  r^  *  l*4f»  so  that  one  has  ■  8.9  cm,  g  ■  13 •!  cm  and 


2.8 


Figure  4 

The  arerage  number  of  nucleons  T(e,0)  with  energies  greater  than  eE^  produced  at 
a  depth  G  in  discrete  matter  by  an  incident  nucleon  of  energy  e  »  cOl,  curves 
are  given  for  atomic  weights,  A  ?35,  55.8  and  27.. 
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O 


The  arerage  iiuii>er  of  nucleons  T(e,0)  with  Miergies  greater  than  pi*oduced  at  a  depth 
0  in  disci*ete  natter  by  an  incident  nucleon  of  energy  E^.  e  -  .0001,  curves  are  given 
for  atonic  weights,  A  ■  235,  55.8,  and  2?. 


280 


The  average  mudber  of  nucleons  T(e,0)  witn  energies  greater  than  eh_  produced  at  a  depth 
©  in  discrete  natter  hy  an  incident  nucleon  of  energy  1^.  e  »  .000001,  curves  are  given 
for  atonic  wei|^ts,  A  235,  55.8  and  27. 
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L^y  ■  29*95  cm  aestuoing  deneltlea  appropriate  to  uranluffl(p  ■  18*7  ^3)* 

Iron  (p  -  7*86  ■^)  and  aluminum  (p  >  2.70  ^)*  Theae  elementa  were 
choaen  ao  aa  to  obtain  reaults  repreaentativa  of  lig^it,  medium  and  heary 
nuclei  In  order  to  find  any  qualitatlre  dlfferoncea  between  the  beharlor 
of  the  caacadea  In  varioua  material a. 

Two  important  facta  can  be  aeen  from  the  flgurea.  Flrat,  the  depth 
dependence  of  T  on  the  atomic  number  la  not  alnply  contained  in  the 
dependence  on  the  mean  free  path.  Thua,  the  ratio  of  the  deptha  correa- 
ponding  to  the  caacade  itiar1.mum  for  two  materlala  la  not  the  aame  aa  the 
ratio  of  the  mean  free  patha,  the  dependence  of  h(d^a)  on  A  aeema  to  have 
liq>ortance.  The  aecond  obaerratlon  la  that  the  awerage  numiber  of  nucleona 
at  the  mftirimnni  yarlea  only  about  2%  from  element  to  element.  The  reaaon 
for  thla  would  aeem  to  lie  in  the  approximation  which  waa  made  irtien  it  waa 
aaaxuned  that  the  interaction  in  a  nucleua  waa  the  aame  aa  for  nuclear  matter 
averaged  over  all  poaalble  path  lengtha.  Th\t8»  when  one  takea  into  account 
the  conaervation  of  energy,  thp  theory  ahould  predict  a  maxiimM  nearly  equal 
to  that  of  homogeneoua  nuclear  matter  for  erery  element  and  thia  ia  nearly 
what  la  obaerved. 

Dlacuaalon 

Reaulta  have  been  preaented  for  a  rery  aimplified  picture  of  the  nucleon 
caacade.  It  ahould  be  pointed  out  here  aoM  of  the  aioat  important  aimplifi- 
cationa  made  and  their  poaalble  effect  on  the  reaulta. 

Firat  and  probably  moat  ijq»rtant  ia  the  role  of  radiated  mea«ia  on  the 

9  10 

development  of  the  caacade.  At  theae  energiea  many  meaoiia  *  will  be 
produced  in  a  nucleon-nucleon  coUlaion  and  theae  meaona .  themaelvea  may  take 
part  in  aecondary  production  of  nucleona  by  coUiaiona  with  other  nuclei. 
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This  possibility  has  been  entirely  ne^ected  although  there  seesis  to  be  no 
Justification  for  doing  so  and^  Indeed,  the  next  step  must  be  to  Include  the 
meson  coo^nent  Into  the  formalism.  This  is  a  great  theoretical  comiplication 
necessitating  the  solution  of  two  coupled  diffusion  equations  instead  of  the 
one  equation  which  we  have  considered  above. 

The  second  most  liqportant  consideration  concerns  the  fluettiations 

Involved  in  the  cascade  process.  Thus,  although  we  have  found  an  expression 

for  the  average  number  of  nucleons  nothing  has  been  said  about  possible 

deviations  from  this  average  vdiich  of  course  must  occur.  Some  work  has  been 

a 

done  on  this  problem  and  the  results  Indicate  that  the  fluctuations  are 
greater  than  that  given  by  a  Poisson  distribution  (i.e.,  random  fluctuations) 
everywhere  except  at  the  maximum  where  the  deviations  nearly  follow  a  Poisson 
distribution.  Thus,  the  deviations  from  the  average  values  of  the  curves 
given  in  Figures  4«  5  snd  6  woiild  be  large  enough  to  mask  any  differences 
in  the  maximum  of  the  curves. 

Also  neglected  has  been  the  differences  between  protons  and  neutrons, 
the  main  effect  being  that  of  ionization  loss.  For  energies  above  about 
3  Gev,  this  is  probably  not  too  important  but  will  become  significant  at 
lower  energies  considerably  reducing  the  number  of  protons  of  energy  greater 
than  e£^  at  greater  depths.  The  neutrons,  not  being  ionizing,  themselves, 
will  be  affected  only  Indirectly  by  the  loss  of  protons  which  could  produce 
neutrons  in  the  cascade.  The  result  will  be  a  reduction  of  the  proton 
neutron  ratio. 

These  are  probably  the  most  isportant  simplifications  >diich  have  been 
made  and  indicate  the  approximate  validity  of  the  i*esults  and  also  diffi¬ 
culties  which  stand  in  the  way  of  isprovements  on  them. 
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Conclusion 

yrhe  motivation  for  this  work  lay  in  an  atten^t  to  determine  the  nature 
of  the  material  In  which  a  cascade  has  developed  by  obseirvatlon  of  the  nucleons 
produced .^Under  Ideal  circumstances,  i.e.,  knowledge  of  the  energy  of  the 
Initial  nucleon,  the  thickness  of  the  material  and  small  fluctuations  from 
the  average,  the  curves  in  Figures  5  and  6  would  enable  a  reasonable 
estimate  of  the  nature  of  the  material  to  be  made.  But  this  would  be  possible 
only  tinder  these  very  ideal  circumstances.  In  more  practical  circumstances, 
not  only  would  be  unknown,  but  the  thickness  of  the  material  and  hence  the 
fluctuations  would  not  be  known.  In  addition  ,  the  task  of  detecting  all 
nucleons  of  energy  greater  than  eE^  and  excluding  other  particles  such  as  the 
hi£^  energy  mesons  would  appear  to  be  formidible. 

~^t  wotild  appear  that  some  quantities  other  than  the  average  nuadbers  of 
nucleons  must  be  considered.  Possibilities  might  be  any  variables  tdiich 
depend  upon  the  atomic  number  of  the  material.  Such  quantities  might  be  the 
proton  to  neutron  ratio  or  the  properties  of  the  photon-electron  cascade.^/^,. 
Further  investigations  will  be  needed  to  determine  vdiether  such  possibilities 
are  plausible. 
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